Total No. of Printed Pages: 7 [270]1 1\ o R

1(CCE.M)2

M athematics—I
(15)

Time: Three Hours] [Maximum Marks: 300

INSTRUCTIONS

(i) Answers must bewritten in English.

(if)

(ii)

(iv)

v)

(vi)

(vii)

Thenumber of markscarried by each questionisindicated
at the end of the question.

The answer to each question or part thereof should begin
on a fresh page.

Your answer should be precise and coherent.

The part/parts of the same question must be answered

together and should not be interposed between answers
to other questions.

Candidates should attempt any five questions out of the
12 questions.

If you encounter any typographical error, please read it
asit appearsin the text-book.

(viii) Candidatesareintheir owninterest advised to go through

(ix)

(x)

(xi)

the General Instructions on the back side of thetitle page
of the Answer Script for strict adherence.

No continuation sheets shall be provided to any candidate
under any circumstances.

Candidates shall put across (%) on blank pages of Answer
Script.

No blank page be left in between answer to various

questions.
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(b)

(c)

. (a

(b)

(c)

12. (a)

Provethat if a_ X" X*isinvariant, X"isan arbitrary contravariant
vector and a_ is symmetric in all coordinate systems, then a
are the components of a covariant tensor of the second order.

20

Provethat at the origin of Riemannian coordinates, the Christoffel
symbols of both kinds and the first-order partial derivatives of
the metric tensor al vanish. 20

Prove that a necessary condition for a system of particles to
be in equilibrium is that the vector sum of projections of all
external forces applied on it in the fundamental plane vanishes
and the sum of the moment N of the applied forces about any
line perpendicular to the fundamental plane also vanishes. 20

A light rod of length 2b terminated by heavy particlesof weights
w, W is placed inside a smooth hemispherical bowl of radius
a, whichisfixed withitsrim horizontal. If the particle of weight
w rests just below the rim of the bowl, prove that

we = W(2b* — &). 20
A rod 4 ft long rests on a rough floor against the smooth edge
of atable of height 3 ft. If the rod is on the point of dlipping

when inclined at an angle of 60° to the horizontal, then find the
coefficient of friction. 20

Suppose a particle is in simple harmonic motion and x its
displacement at timet, aisthe amplitude of S.H.M. Then derive
the expression :

X= acosJU t

where u is any constant. 20
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(a

(b)

(©)

(a

Show that the following function is continuous at x = 2, but
discontinuous at x = 3.

fxX) =4-3x;0<x<2
=2X—-6;2<x<3
=xXx+5 ; 3<x<6. 20

Prove that if u and v are two distinct functions of x and
y = uv, then

dy (n)d"u nyd"t dv n) d"v

= V| |—=V—+...+| |u .
dx" | 0)dx" 1)dx"* dx n) dx"
Verify Cauchy's mean value theorem for f(x) = x2+ 2 and
g(x) =x3-1in[1, 2. 20

Provethat if f isarea valued function of two variables defined
on a neighbourhood of the point (a, b) and f is differentiable
a (a, b), then

(i) fiscontinuous at (a, b)

(i) f(a b) and f(a b) both exist. 20
If §+§+1_Z6=36, then, obtain by Lagrange's method, the
values of X, y, z which make x + y + z minimum. 20
Evaluate _[ jxy(x +Yy)dx dy over the area between y = x2and

y = X. 20

: 11 1 — :
(i) Can the numbers 222 be the direction cosines

of any directed line ? Justify your answer.
(i) Find the direction cosines of the line which is equally
inclined to the axes. 20
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Find the equation of the plane passing through the points

0,2, 4,311 ad (2 0, -1). 20

x-1 y-2 z-3
2 3 4

Show that the lines and

X-2 y-3 z-4
3 4 5
plane. 20

are coplanar. Find also the equation of the

Find the form of the equation x?+ y2 + 72— 12x — 6y
+ 8z—-3=0referred to new origin (— 6, 3, —9) without changing
the direction of axes. 20

Find the equation of the sphere through the four
points (0, 0, 0), (a 0, 0), (0, b, 0) and (0, O, c). 20

Find the nature of thefollowing surfaces given by the equations :
(i) x2+4y2-922=36
(i) 4x2+ 6y?—16x + 12y — 24z — 22 = 0. 20

Solve the given initial value problem :
snxdx +ydy =0; y0) = -2 20
Solve:

NV 2+ye”
0 2y —xe¥

(i) Convert y’'=2xy—x into exact diff. equation. 20

(i) Solve

(i) Find the Wronskian of the set {e*, e %} . 20
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8. (3

(b)

(©)

9. (3

(b)

(©)

10. (a)

Prove that the genera solution of the n order differential
equation L(y) = ¢(x) isy =y, + Y, where Y, is any particular
solution of the equation and y is the general solution of the
equation L(y) = 0. 20

Find the general solution of the equation :

20
Solve the differential equations :
(i) y'-zy'-y'+2y=0
(ii) : 20

(i) Show that the points whose position vectors are a,b and
3a—2b are collinear.

(i) Show that the vectors a—2b+3¢, -2a—3b-4c,
a—3b+5c are coplanar. 20

(i) Findthedirectiona derivative of f(x, y, z) = x2— 2y? + 422
a the point (1, 1, —1) in the direction of 2i +j — k.

i Mf=(x+y+21i+]j+(=x-y)k, show that f-curl f =0.

20

Evaluate ”(F- nydswhere F = yzi + zxj + xyk, where Sis the
S

surface of the sphere x2+ y2+ z2= 1 in the first octant. 20

In Euclidean space of three dimensions, write down the equations
of transformation between rectangular Cartesian coordinates X,
Yy, z and spherical polar coordinatesy, 6, ¢. Find the Jacobian
of the transformation. Where is it zero or infinite ? 20
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1. (3@
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2. (9

(b)

(c)

EFG-45582

(xii) No programmable Calculator isallowed.

(xiii) No stencil (with different markings) isallowed.

Defineabasisof avector space. Provethat, inafinitedimensional
vector space, any two bases have same number of vectors.
20

Let T = R®*— R be defined by
T(X, ¥, 2) = (2x =3y + 4z, 5X —y + 2z, 4x + 7y).
Find the matrix of T relative to the usual basis of R:. 20

Find the characteristic polynomia of the matrix :

1 4 -3
A=|0 3 1|,
02 -1

Verify Cayley-Hamilton theorem for A. 20

Prove that the characteristic roots of a Hermitian matrix are
al real. Deduce that a characteristic root of a skew Hermitian
matrix is either zero or a pure imaginary number. 20

Find all eigen values and the corresponding eigen vectors of the
1 2 3

matrix : A={0 2 3]. 20
0 0 3

Defineapositive definite quadratic form. Consider the quadratic
form :

aix, y, z) = x* + 2y* — 4xz — dyz + 772,
Show that q is positive definite. 20
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(b)

(©)

Find the greatest distance that a stone can be thrown inside a
horizontal tunnel of 10 ft height with avelocity of projection of
80 ft/sec. Find also the corresponding time of flight. 20

Find the potential energy of aparticle attracted towards afixed

k2
point by a force of magnitude r—n,f be the distance from the

fixed point and k, n any constants. 20



